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Abstract 

We propose a scaling model for the universal longitudinal conductivity near the 
mobility edge for the integer quantum Hall liquid. We fit our model with available 
experimental data on exponentially activated conductance near the Landau level tails 
in the integer quantum Hall regime. We obtain quantitative agreement between our 
scaling model and the experimental data over a wide temperature and magnetic field 
range. 



PACS numbers: 73.40.Hm 



One of the remarkable fundamental features of the quantum Hall effect(QHE) phe- 
nomenon[l] is its intimate connection with the two-dimensional(2D) strong-field Landau 
level localization problem[2]. Our current understanding of QHE is based[l] on the following 
scenario: The strong external magnetic field sphts the 2D system into Landau levels(LL) 
which are broadened by disorder invariably present in the system; the electron states at the 
center(i?c) of the disorder-broadened LL are extended whereas all the other states at LL tails 
are localized with the localization length diverging at the mobility edge Ec] at T = the 
2D system undergoes a metal-insulator transition at E^. where jumps from one quantum 
Hall plateau to the next and Uxx has a universal LL-independent value cr*^ (believed to be 
cr'^ = /h) - Uxx is zero(at T = 0) everywhere except at Ep — £^c(with Ep the Fermi level) 
whereas a^y is quantized everywhere except at (where it jumps from one plateau to the 
next). At finite temperature (or, in fact, for samples with finite sizes), the situation has to 
be modified [1-3] somewhat because when the "effective" system size becomes comparable to 
the localization length at a particular energy, the system behaves as metallic rather than 
insulating, producing a small finite width of the extended state region around E'c- Conse- 
quently, acquires a temperature dependent width(Ai?) around E^^ and, Oxy goes from 
one plateau to the next with a finite slope. It is now experimentally well established [3] 
that the strong-field magneto-transport properties of a 2D system show scaling localization 
behavior around this Uxxi^''^^ Pxx) peak where (Txy{oT, pxy) is changing from one plateau to 
the next and the chemical potential Ep is passing through Ec near the center of LL. 

Wei et a/[3] reported the first experimental evidence in support of the universal scaling 
behavior of the magneto-resistivity near the metal-insulator transition. They found that 
the slope of the transition for pxy from one QH step to the next in the changing magnetic 
^Qld^dpxy/ dB), and the half-width(Ai?) of the finite peak of pxx both have exactly the same 
scahng dependence on temperature, i.e. dpxy/dB oc T"'^ and AS oc T'^. Experimentally [3] , 
it was found «; Ri 0.42 in an InGaAs/InP heterostructure for the two lowest Landau levels. 
But the extent to which k is really a universal constant independent of Landau level index 
and sample materials is still somewhat uncertain [2]. 
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While the experimental support for strong-field scaling localization comes entirely from 
studying the pxx peaks in the "metallic" region {i.e. Ep ^ Ec){a.nd, the associated behavior 
of Pxy), detailed experimental results are also available in the literature on the activated 
temperature dependence of p^x minima in the "insulating" region centering in the QH plateau 
regime of pxy. The purpose of this paper is to analyze the Pxx{T) minima behavior from the 
viewpoint of the scaling theory and to show that the existing data in the literature on the 
activated behavior of pxx at LL tails is consistent with the scaling theory. 

A different kind of universal behavior of the temperature activation of the dissipative 
(longitudinal) conductance axx was observed by Clark et al in the integer quantum Hall 
plateau regime [4]. A sample of their data is shown in Fig.l. They found that in a certain 
range of temperature, Uxx may be written as Uxx — cr'^e"^/'^^^, where A \Ef — Ec\ is 
the activation energy By extrapolating the fit to the linear regime of the data to 1/T 0, 
it was found that the prefactor ~ e^/h is independent of sample and the Landau level 
index. There is also a detailed experimental investigation [5] of (Txx minima by Katayama 
et al who studied the activated regime as well. In this paper, we provide a scaling analysis 
of these results. Our scaling model assumes that the only conduction mechanism operating 
at the Gxx minima is the thermal activation of localized electrons from the Fermi level to 
the nearest mobility edge, where the usual scaling theory should apply. As such we are 
neglecting any direct transport contribution [e.g. variable range hopping) of the localized 
carriers themselves, which should not scale because it happens very far from Ec and is 
presumably outside the critical regime. Our model, therefore, does not apply at very low 
temperatures where variable range hopping dominates and scaling breaks down. 

Recently, Lee et al [6] provided a theoretical basis for Clark's experiments [4]. They 
found a relationship between the zero temperature diagonal conductivity at a quantum Hall 
step and the prefactor of the activated longitudinal conductivity in the plateau regime, which 
according to Ref.6, has the following form: 



where 5*2(1/) is a universal scaling function, and F is the energy width (arising, for example, 
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(1) 



from inelastic scattering at finite T) of the energy band around Ec of delocalized states. In 
the temperature range in which ksT « A, but ksT still large enough so that variable-range 
hopping (which dominates at very low temperature) can be ignored, the prefactor in the 
experiment of Ref.4 is given by 25'2(0)(7i which is manifestly universal. Thus, according to 
Ref.6, activated conduction in the QH step is a rather simple universal scaling function. 
Unfortunately, however, there exist certain technical errors in this theoretical derivation of 
Ref.6 which render it invalid, and, as a result, within the scheme of Ref.6, the longitudinal 
conductivity, even neglecting variable-range hopping, is not given [7] by an activated form 
(such as Eq.(l)) with a universal prefactor, as was originally claimed in Ref.6. 

In this Rapid Communication, we propose a scaling model for the universal activated 
longitudinal conductivity near the mobility edge for the integer quantum Hall liquid. We 
use the best-fit analysis to compare our model with the experimental data. Our conclusion 
is that while the experimental activated conductivity data are clearly consistent with the 
universal scaling behavior, it may not be appropriate to determine the precise value of this 
universal conductance simply by extrapolating the experimental data to 1/T — 0. This is 
because the behavior of a^x minima at the QH steps is more complicated than a simple 
Arrhenius activation behavior. On the other hand, we find that a simple extrapolation [4] 
does provide the correct order of magnitude of cr"^, which lends credence to the analysis of 



We first establish the relation between the activated conductance and the critical con- 
ductance near the mobility edge. Consider a system of non-interacting 2D electrons in a 
perpendicular magnetic field in the presence of a random disorder potential. The real part 
of the dc conductivity for non-interacting electrons is given by 



where fpo is the Fermi-Dirac thermal distribution function. At zero temperature, — = 
6{E — Ep), so a^x — o-i{Ep). It is obvious from the definition that ai{E) is the longitudinal 
conductivity at the Fermi energy Ep, and, in general, at finite temperatures ai{E) should 
also be temperature dependent. 



Ref.4. 




(2) 
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The single particle eigenstates in the Landau band are all localized except at one 
critical energy in the center of the Landau band, where the electronic state is extended 
for the infinitely large system at zero temperature. In the scaling regime the localization 
length ^ for the electronic state diverges as the energy approaches the critical energy Ec, i.e. 
^{E) (X \E — Ec\~'', v is currently believed[2] to be universal(~ 7/3). 

At zero temperature, only the extended state at the critical energy contributes to axx, 

i.e. 

' al {E^ E,) 



ai{E,T = 0) = { 



(3) 

(E ^ E,) 



here al is the universal conductance [8] at the mobility edge Ec of the quantum Hall liquid. At 
finite temperatures, inelastic scattering brings in another length scale, Lin oc T~^/^, beyond 
which electronic wavefunction loses coherence. This inelastic scattering length provides an 
effective sample size at finite temperatures. The transport properties of the system are 
now determined by the competition between these two length scales Lj„(T) and ^{E). For 
example, at extremely low temperature, Li^iT) is essentially infinite, ^{E) is the dominant 
length scale, QHE is observed everywhere except at a set of discrete energies Ec near the 
center of LL. With increasing T, Lin{T) decreases and states with ^{E) > Lin{T) effectively 
become delocalizcd, and the system behaves like a metal with the disappearance of QHE in 
the regime Ci^) ^ Lin{T) . So at finite temperatures, a finite band of delocalized states near 
the critical energy is formed contributing to the longitudinal conductivity. In the region far 
from the critical energy, localization has no scaling behavior, and, at very low temperatures 
variable-range hopping transport dominates the dissipative conductivity Uxx- Our scaling 
theory does not apply to the variable-range hopping regime. 

Near the conductance peak(z.e. in between QH steps), Ep is close to Ec, and, pxy and 
Pxx are both scaling functions of a single scaling variable which can be written as: 

V = (%^^)i/'^ oc |£; - Ec\T-^''''' (4) 

with the experimental critical exponent being expressed as k — p/2i/[3]. In this context, 
we propose, following Ref.6, that the universal conductance near the scaling regime in one 



Landau band at finite temperatures should also be a scaling function of v, i.e. 



a,{E,T) = a1S,iv) 



where we can choose a simple form for (v) as 



exp 



exp 



{E~E, 



(5) 
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where 70 is a non-universal constant. This simple model not only satisfies the condition given 
by Eq. @ but also takes into account the delocalized band around E^. at finite temperatures. 
The band width is given by F = ^/toT*^ which is consistent with the experiment of Ref.3 
where it is found that Ai? oc T^. We have tried a number of alternate reasonable forms 
for 5*1(1;) such as Si{v) = e"!'''", and, 5*1 (1;) given by a constant within a cut off. We get 
essentially the same numerical results as the ones presented in this paper with these alternate 
forms of Si{v). 

Even though our model ignores the contribution of the variable-range hopping conduc- 
tion, in the intermediate temperature range where thermally activated contribution from the 
scaling conductivity dominates, our model should provide a good approximation. Combining 
Eqs.(2)-(6) we find that the contribution of a single Landau band to the thermally activated 
longitudinal conductivity can be written as (set = 1): 



°° dE 



,{E-Ep)/T 



;exp 



{E - E,f 



(7) 



3 T {l + e^E-Ep)/TY 

When the Fermi energy is in the quantum Hall plateau region, we have to take into account 
contribution from both Landau bands below and above the Fermi energy because of the 
electron-hole symmetry. Assuming the Fermi energy Ep is in between two critical energies, 
and defining the activation energy gap A = \Ep — -Eel? we can write 



2al 



dE 



oE/T 



-exp 



{E - Af 
Y2 



. T [l + e^/^y 

As argued in Ref.6, at low enough temperatures where ksT << A, Fermi-Dirac distribution 
function can be replaced by a Boltzmann distribution function, immediately producing Eq. ([1|) 



for a,j.x with 



^2 



T 



-exp 



7o 
42^2{i-k) 



(9) 



which is a strong function of temperature, and is manifestly non-universaL We note that, 
according to Eq.(9), even though 2crJ itself is universal, the thermally activated o^x does not 
really have a simple exponentially activated form with a universal prefactor. Also, one finds 
by putting T = in Eq.(9) that S'2(0) is actually violently divergent rendering invalid[7] 
the simple argument for universality made in Ref.6. Our numerical results show that Eq.(9) 
is not really quantitatively valid in any temperature regime for the available experimental 
data. 

In Fig.l, we show the best-fit of our model (Eq.(|])) with the actual experimental data 
taken from Ref.4. In the best-fit analysis, we use the Fermi-Dirac distribution function. We 
assume the universal conductance to be[8] 1a\ = e^/h. The energy gap is obtained for even 
integer filling as A = ^{hujc — g*fiBB), where g*{= 0.44) is the unrenormalized (7-factor. We 
therefore need to do a 2-parameter fitting to obtain n and 70. As shown in Fig.l, the critical 
exponent k, slowly varies around k, ~ 0.35 for different Landau levels. We also find that 70 
changes non-universally for different Landau levels (as shown in Table I) and, in fact, the 
calculated F from our fits is smaller than, but comparable to, A for higher Landau bands. 
As we can see in the plot, except for the low temperature variable-range hopping regime 
where the scaling analysis does not apply, higher LL, in general, provide better fitting in the 
scaling region. This is expected from the fact that the relative scaling regime (F/A) is much 
larger for higher Landau levels. The slight disagreement for lower Landau levels implies that 
our scaling model does not describe very well the tail of the scaling conductivity which tends 
to dominate the conductivity at the intermediate temperature range. This is again expected 
because one does not expect scaling to hold very far from Ec- We define a new variable 

A' = — flO) 

If has the exponentially activated form(^e. a^x oc e"'^/"^). A' should be a constant 
and should have the value of the activation energy A(z.e. the energy gap). In the inset 
of Fig.l, we show the calculated temperature dependence of A' for z/ = 10 for our model. 
We can see that in the experimental scaling temperature range, i. e. away from the variable 
range hopping regime. A' is very far from being a constant. This supports our conclusion 
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that axx cannot really be expressed as a simple exponentially activated form, and, a naive 
extrapolation to 1/T = may be dangerous in some situations. We emphasize, however, 
that an extrapolation (as is clear from Fig.l and 2) provides the correct order of magnitude 
of 

We have carried out a similar fitting analysis of the scaling theory to the recent data of 
Ref.5. These results are shown in Fig.2 (and. Table I). Again, the scaling fit works very well 
and the values of fitting parameter k and 70 are reasonable. The behavior for A' in Ref.5 is 
similar to that in Ref.4. 

In summary, our proposed scaling model works well for higher Landau levels because 
the scaling region (characterized by F/A) is large for higher LL. The scaling theory is not 
expected to be a very accurate model for the universal conductance at the tail of the scaling 
regime, which makes our model quantitatively less accurate for lower LL where F/A is small. 
Our calculated value of the exponent k ~ 0.3 — 0.5 is actually very consistent with the 
experimentally determined k from the conductivity peak measurements [3, 9]. Our analysis 
establishes that scaling concepts in two dimensional strong field localization apply not only to 
the axx peaks in between the quantum Hall steps, but also to the activated conduction regime 
for axx minima at the quantum Hall steps provided the variable hopping range contribution 
is neghgible. 

The authors thank R.N.Bhatt, R.G.Clark, S.Kivelson, A.H.MacDonald, and D.C.Tsui 
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Figure and Table Caption 

FIG.l Temperature activated longitudinal conductance (in the units of /h). (0)s are the 
experimental data (The sample carrier density is = 2.20 x lO^^cm"^) presented in Ref. 
4. Solid lines are the best-fit of the data by our scaling model with the best-fit values of the 
exponent k. Inset: Temperature dependence of A' (for v — 10), the dashed line shows 
corresponding energy gap A. 

FIG. 2 The same as in Fig.l for the data in Ref.5. The inset shows A'(for u = 5). 

TABLE I Delocalized state band widths F for different Landau levels for the data of Ref.4 
and 5 (the lowest two rows). 



v 


70 


r(T = IK) 


A{K) 


r/A(%) 


2 


9.60 


3.10 


45.60 


6.8 


4 


7.69 


2.77 


22.80 


12.1 


6 


7.18 


2.68 


15.20 


17.6 


8 


4.94 


2.22 


11.40 


19.5 


10 


3.86 


1.96 


9.12 


21.5 


3 


0.66 


0.81 


2.86 


28.4 


5 


0.71 


0.84 


1.56 


54.0 
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